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Preface 
Meaning of Symbols Used 
Angles in Radians 
= angle of attack of a blade element at radius, r, measured 
between the zero lift chord line and the relative wind 
= angle between the induced component of the inflow velocity 
at radius, r, and the normal to the rotor 
ey. = angle of incidence of a blade element at radius, r, measured 
between the zero lift chord line and the plane of rotation 
4P = induced angle of attack of a blade element at radius, r, 
measured between the relative wind and the plane of rotation 
Areas 
a64 = efirc/0- = area of an elemental rotor annulus 
2 
A = /TR = rotor disk area 
Forces 
dL = lift on an elemental rotor annulus 
017' = thrust on en elemental rotor annulus 
T = rotor thrust 
Lengths 
Cr = chord of a blade element at radius, r 
h = distance of a blade element from the axis of rotation 
R = rotor radius 
Miscellaneous 
Cto = slope of the lift curve of a blade element 
= Co radian 
04 = mass flow through an elemental annulus 
angular velocity of the rotor in radians/second 
/0 = mass density of air 
Moments 
d Q = torque about the rotor axis of rotation of the air forces 
on an elemental annulus 
Q = rotor torque about the axis of rotation of the air forces 
Nondimensional Coefficients 
Co = rotor blade element drag coefficient 
Co o = profile drag coefficient of a blade element 
Co. =inflow drag coefficient of a blade element 
CA. =lift coefficient at a blade element at radius, r 
deg = rotor torque coefficient about the axis of rotation of air 
forces on an elemental annulus 
C:6? — 	Q 	= rotor torque coefficient 
/0?SL /rs 




	= rotor thrust coefficient 
fa 1712 R 4 
vi i 
Nondimonsional Parameters 
b = number of rotor blades 
4,44 = factor to account for the total head loss above the annulus 
due to the effects of viscosity 
factor to account for the total head loss below the annulus 
due to the effects of viscosity 
= weighted mean value ofd across the rotor 
4( _  bee = rotor solidity at radius, r 
/Tr 
	
y _ 	V,, = ratio of the vertical ascent velocity to the induced 
velocity in hovering flight of an actuator disk with 
the given thrust , 
A . 	14, = ratio of the vertical ascent velocity to the rotor 
_a R 
blade tip velocity 
Pressure 
H = total head 
Po .= atmospheric pressure 
P = static pressure just above the rotor annulus 
static pressure just below the rotor annulus 
Velocities 
. induced velocity at a blade element at radius, r 
1/o0 = resultant induced velocity at a large distance beim the rotor 
annulus where the streamlines are normal to the rotor plane 
V. = velocity at which the rotor is ascending vertically 
viii 
di( = total change in velocity along the line of thrust of the air in 
any elemental stream tube 
V 0 = 1 	= 
V ZrA 
value of the induced velocity for an actuator disk 
in hovering flight 
A Direct Method for Calculating the Thrust 
and Torque of a Helicopter in Vertical Ascent 
I Summary 
The object of this investigation is to find a more convenient and 
sufficiently exact method for calculating the thrust and torque of a heli-
copter rotor in vertical ascent. 
Equations for the general case of rotors having blades with any 
twist and taper are derived by a combination of the momentum and blade 
element theories. A semi -empirical constant,A, which corrects for the 
effects of viscosity is introduced. Several simplifying approximations 
are made in order to obtain a direct solution. 
The thrust and torque coefficients are calculated from the theory 
for a particular model rotor on which test data was available. The results 
are satisfactory for the special case of hovering flight and at low rates 
of vertical ascent, but for higher rates of vertical ascent the theoret-
ical values of the thrust coefficients are progressively higher than the 
experimental values. The theoretical torque coefficient values are in 
good agreement with the experimental values over the whole range. 
2 
II Introduction 
Very little work has been done on predicting the thrust and torque 
characteristics of a helicopter rotor in vertical ascent. Glauertl deriv-
ed a theory for the analysis of helicopter rotor performance in vertical 
ascent by the use of the vortex theory. This theory, with certain modifi-
cations, was used by Fagan2 for the performance calculations of a lifting 
airscrew in vertical ascent. The calculations are very involved and the 
results did not check well enough with the existing experimental data to 
warrant this application of the vortex theory in computing the thrust and 
torque characteristics. 
Thus, there is a need for a more accurate and less involved method 
for calculating the thrust and torque of a helicopter rotor in vertical 
ascent. In this paper the induced velocity at a given radius, r, is set 
up as a function of the thrust at that radius and the rate of ascent. An 
empirical constant is introduced to account for the effects of viscosity. 
1Herman Glouert, On the Vertical Ascent of a Helicopter, (Aeronauti-
cal Research Committee, Reports and Memoranda, No. 1132, 1927), p. 360 
2Robert H. Fagan, Vertical !scent ,nalysis of the LiftinAirscrew t 
 (unpublished Master's thesis, Georgia School of Technology, 19 40 
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III Theory 
The streamlines which pass through the circumference of a circle 
about the axis of symmetry of the flaw form a surface which, for the flow 
under consideration, is a stream tube. The cross sectional area between 
two adjacent stream tubes at the plane of rotation of a rotor defines a 
rotor annulus of radius, r, and width, dr. 
In writing Bernoulli's equation, ii = P+A v 	, between any 
two points along a stream tube it is assumed that there is no loss of 
energy for a perfect fluid. However, in a real fluid there is a change 
in energy due to viscosity. The velocity distribution at the rotor is 
non-uniform, but at a great distance below the rotor the velocity distri- 
bution tends to become uniform,
3 
 so there 'rill be an exchange in energy 
between the adjacent stream tubas. A viscosity correction factor is intro-
duced in Bernoulli's equation to account for the change in energy. 
It is first assumed that the coordinates are fixed in space. Then 
as shown in Figure (1), at some point (1) a great distance above the rotor 
annulus, the pressure is the atmospheric value, f2,„ , and the velocity is 
zero. Just above the rotor at point (2) the pressure is f; and the veloc-
ity is Vi , where Ft = static pressure and V•= induced velocity. At a 
point (3), just below the rotor, the static pressure is Pz and the veloc-
ity is also 	. At point (4), a great distance below the rotor, the 
static pressure is again equal to the atmospheric pressure, Pe , and the 
velocity is Vco where 16, = resultant induced velocity at a large dis-
tance below the rotor annulus where the streamlines are normal to the 
rotor plane. 
3U. F. Durand, AerodynamicTheora (Berlin: Julius Springer, 1935. 
Vol. III), p. 162 
4 
The pressure loss above the rotor is a function of the induced 
, 2 
velocity, [(Y ) , and that below the rotor, J7=40 . Putting in the 
factor to account for the change in energy between the adjacent stream 
tubes due to viscosity, the dynamic pressure terms above and below the 
rotor became, respectively, 	4 . .4 C Y  ( 2 and 	fe e fe. 
where 
factor to account for the total head loss above the 
annulus due to the effects of viscosity 
= factor to account for the total head loss below the 
annulus due to the effects of viscosity 
Assmning now that the coordinates are moving with the rotor, the 
relative velocity between the rotor and the free stream is the rate of 
vertical ascent as can be seen from Figure (2). A point (1) is selected 
at a very great distance above the rotor where the static pressure is 
equal to the atmospheric pressure, lc:, , and the velocity is 1/1. , the 
velocity at which the rotor is ascending vertically. lit point (2), just 
above the rotor, the static pressure is P, and the velocity isfry + 	. 
Bernoulli's equation is written between points (1) and (2) as 
P + = e/t YY Yi (1) 
or by expanding the dynamic pressure terms and introducing the viscosity 
correction factor, equation (1) becomes 
z 
( 2 ) 
Bernoulli's equation can not be written between a point above the rotor 
and another point below the rotor, because there is a discontinuity on 
the pressure field at the rotor. 
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At a point (3), just below the rotor, the static pressure is Pe 
and the velocity is (Vs, Y) . At point (4), a great distance below the 
rotor, the static pressure is again equal to the atmospheric pressure, P. 
and the velocity is (Vv * 1/0) 	Applying Bernoulli's equation between 
these two points gives 
,z 	 , 2 
	
P2. • .42. ( i/ y * Y 0 ... 	P. 4- de' ( 14' t 1/...0 ) 	 ( 3 ) ,  	 /2 
and again by expanding the dynamic pressure terms and including the vis-
cosity correction factor, equation (4) becomes 
/7,„ = /:2. 4. _A, (Yv # 	+ 	— 	( 2-# 2 	..41 Koz) 	( 4 ) 
4i 
Combining equations (2) and (4) gives 
2. 
+ 	1/C: -" /1 PAO 	 rho ✓ali) -•• /4 .4, 
or 
z 
vi 	 (z 	 (6) 
According to the propeller momentum theory; approximately three-
fourths of the dynamic pressure change takes place below the rotor for a 
perfect fluid with no viscosity or compressibility effects. The approxi-
mation is made that the total head loss due to viscosity above the rotor 
is small compared to the loss below the rotor. Then 	= /, and equation 
(6) can now be written as 
4I. J. M. Rankine, On the Mechanical Principles  of the Action  of 




The thrust acting on the annulus is equal to the difference in 
static pressures above and below the annulus multiplied by the annulus 
area or 
d 	-,740/4 	 ( 8 ) 
where 
d T = thrust on an elemental rotor annulus 
d4 = .errt-cie = area of an elemental rotor annulus 
The mass flaw through an elemental annulus can be written as 
.2(1/v t ,1" Cos .:)d4 	 ( 9 ) 
where 
= mass density of air 
-)4 = angle between the induced component of the inflow velocity 
at radius, r, and the normal to the rotor 
V, cos )C = component of the induced velocity normal to the rotor 
The thrust acting on an elemental annulus is equal to the rate of 
change of momentum along the line of thrust of the air passing through the 
annulus. Thus 
dr = dM 'A ' = Ao (V y f Y cos x)01A v.. 	 (10) 
where 
= total change in velocity along the line of thrust of the 
air in any elemental stream tube 
V00 
Combining equations (8) and (10) gives 
7 
(FL - /7, ) c111 = tea /' 	c 	-)C) ci A Pf,,,o 	 (11) 
Substituting the value of 031 - e, ) of equation (7) into equation (11) 
gives 
f. (ZYY 	K.0)4, 044 /0 (.6 	Cos 4 4.0/4 	 (12) 
and cancelling out", c/4,and Po. from both sides of the equation, 
V v -t Yi cos X = Yr 1 	 (13) 
or 
V00 = 2 cos  
—.Ake 
	 (14) 
Substituting the value of i/0 from equation (14) into equation (10) gives 
	
d 	/.0 Py P,- cos x) 2 Pi Cos  x c://9 
	
(15) 
or since a(A = 2 77,- 
dr = 4 17, kg . 	Pi Cos" )0 1./ 4' cos X r ci k 	 (16) 
The value of .h will vary across the rotor. DefiningA as the 
weighted mean value of-hi , equation (16) becomes 
c/ 7" = 	 Cos ir Zr A' r 	t 	co s 	1/ 4: 	 c h- (17) /'" 
—4, 
The total thrust acting on the blade element is the vector sum of 
the components of the lift and profile drag acting in the vertical direc-
tion. Since the component due to the profile drag is very small compared 
to the component of the lift (see Figure (3) ) it may be neglected. The 





b = number of rotor blades 
= chord of a blade element at radius, r 
Cdr = lift coefficient at a blade element at radius, r 
4P = induced angle of attack of a blade element at radius, r, 
measured between the relative wind and the plane of 
rotation 
C o s 'X. 	is small compared to 4 for large rates of vertical 
8 
ascent as shown in Figure (3). For small rates of vertical ascent V; cos x. 
is small compared to SL Y , over the outer portion of the blades where 
the forces are large. Therefore, the follauing approximations are id.o.de: 
(1) V = 	Ye a* 4- se r 7- 
(2) CO5 4 = S1r = 	52. k 
V 	 14, #.12.Z r 
(3) s N 	= 	Vic 5- X = k. Pi cos X 
V 	 /1/v 2 # -51.Zr L 
where 
12 = angular velocity of the rotor in radians/second 
Substituting the values of V and COS 0 of approximations (1) and (2) 
into equation (18) gives 
d r = 	b C,.( 
2 
6# 1 11-_JL 24- ) 117- 
or 




Equating the values of thrust, d T , of equations (17) and (20) gives 
DZE(Yi,tYi CO5 X)Vi Cos X r dr 
- 	
(et Jeri) cfp.  J2. d 
"4 a 	 2 	
k 
Upon simplification equation (21) becomes 
z 	z 	 va K. cos x. + vi cos X - 	 (K, *AL, Cjr JZ = 
Ern' 
Substituting the value of de = iaCp in equation (22) gives 
rT 
2 2 
VI: cos X I- 	cos X. - 	ad, Ch.. (vv't_erz)J1-2.r. = 
where 
4 = rotor solidity at radius, r 
Solving equation (23) for Yi cos X 
'/s
v,• cos X = - VV ± 114)
2
I. 4, 	(Vv a#_)zi 1- 4 ) r 
t e 
The sign in front of the radical is positive because the value of Vi Coy X 
in hovering flight, when Vv = 0 , is equal to + 	-A', 4 Cfrier  L 
The torque loading in ft.ii/f -tz of a helicopter rotor is relatively 
small compared to that of a propeller. The induced rotation of the air-
stream is, therefore, small enough to be neglected. Thus the angle 0 9 
 is written with sufficient accuracy as 





. inflow angle of a blade element at radius, r, measured 
between the relative wind and the plane of rotation 








CP = TAN 	- Vv 	
2. 	 Z 	1/2. 
+ + 
ltr 252.r 
Letting A i? 2 equation (26) becomes sz  
1 
= TAN p.E. 	f-q7) 	46. eij 16171n) * k 2k / 
From Figure (3) it can be seen that 
42 = 169 k. - oe 	= 	6). y - 
where 
= angle of incidence of a blade element at radius, r, 
measured between the zero lift chord line and the plane 
of rotation 
CC = angle of attack of a blade element at radius, r, measured 
between the zero lift chord line and the relative wind 
= slope of the lift curve of a blade element 




Substituting the value of 49 from equation (27) into equation (29) gives 
(30) 
For any given values of ek , Cto , A , .....k, / 0., ,, and R/, equation 
(30) can be solved for Cap . 
From equation (20) the rotor thrust is written. as 
A? 1/7. 









A. + kL61 1-4 ,1_,___L__-c.t.,i/A.E.) z-÷q '6- i 
GL, 2k 	2k1 	? 	l r / 
In terms of . e, k. =- A- - 2Air and A =
R  
VY equation (31) becomes 
R 	 -. VL 
d 1- 
f 7. hi 
 CA- 
   7 7. P 	kvz R1 
 4- I) ci,....Sla P. 2' 
rr k- 	 see' liaL o 
or 
Z f 771Q 2dfil(A R) 1. 1102 o. k cl 
o 




T 	= 	17 
,... ma'. .4 4 
	
.ce 7r,r2, 2- R 11 	it, 
„.,....----- -114 dr i7 AS) # 1.1(74 	C 
l k / 	
il k 
2. 
By definition Cr = 	T 	4 so equation (34) becomes „..... m17_ 1. R 
CT = f—<& P AR ) 11- 	o 
fr 	 —4 
	 (35) 
Expressing the elemental radius as a fraction. of the rotor radius, i.e., 
r R , the integral of equation (35) becomes 
Cr = pf_el -C,11 ) # 10.4 fir) d() 	 (36) 2 	k 	 I R/ 
The integration in the above equation for the rotor thrust coefficient is 
most easily performed graphically.. 
The torque of the drag forces on t he blade elements lying within 
the annulus is 
dQ = 	ye. A. 04_ 	 (37) 
where 
d Q = torque about the rotor axis of rotation of air forces on an 
elemental annulus 
D = rotor blade element drag coefficient 
The drag is broken up into components as can be seen in Figure (3) so that 
11 
(32) 
( 3 3) 
equation (37) is written 
dQ = 7f her 1/ 2(CD. Cos 	Cio, 51N 40) k 01 
or 
2 
dQ 	hes. C 10•  Cos 09 r 	* 	bCr V 26:6 si,v4'r dr 
where 
Co = profile drag coefficient of a blade element operating at a 0 
lift coefficient, 61.6. 
Substituting the values of V, Cos 	and SIN 0 of approximations (1), 
(2) and (3) into equation (39) gives 
dQ = 7f ke, ( 4,2 *....2 2 ?_2) S2 Y 	r 






) 	+ k cos x.) k d r 
N 
vv z 4- __17,2- r. 
vz 
	 (40) 
The value of Vi CosX of equation (24) is substituted in equation (40) 
which then reduces to 
V: 
'JO = 	6 Cr (4,1 14-J1 z r9 CD.  Jz fr- z 




CrPr Ci 2 
+ 1 (k) +  dr 04  (vv 	- 




	Vr dQ = 	6 C, 	r9 C0 ...ar zdr
/4 
Cr (Yp at_iz a. r CA, 1- dr 
I/2. 	 1/2. 
+ 	bek (62 *-A- r2.1 1.-k air elf- (vvz#J-42-1- 2) 	r rdr 	(42) 
(2 P. 	2 i 
12 
(3 8 ) 
(39) 
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Equation (42) can be expressed in terms of a ir = b Cr and Al = vv as 
r 	 R  
1T r 
r 
Cr  [ Vrz 
fir: R i + J2 




z. z 	 z 
+ ifs b Cr 	R Vv R lit Cyr r a A" 
rrr -12 171 .r11 1-3- A L 
 
y2. 
   





2, 	 L 	 Z 2_ 
ff r 2 
+ _az h, er[ Vv R
et.% R 	
v 	 t 6,11't 
( 	 j a- 2.24-1" R'g 	Rz- 
'/z 
r dr (43) 
d Q = 
14 
7"12. ek. 	R)  L÷ 1CD. k 4 CP 
1/2 
7.1 irAl.4 [(a) ÷ 11 A F? C„ r 3 dr 
r I 
z 	[ 	j i/s. 	4 I 	(44) 
4. I 1 "22 4 1. # C:1, ( AL? ) t 	C 11.61) r ca r 
Ur/ 8 
The equation for the rotor torque about the axis of rotation due to the air 
forces is written as 
2 
Q 77. .)2. 2fr 
r. 
I Coo 4  r Srd
R 	 I/2 
* 
4 Tr A R..aa 	[IA fir) + 
z  
2. it. I 4. , 	(45) /f 77.4. fe,.1-k + or MR) +, 	[M 4.9 	d 
VI; 	1' 	r 
By definition C q = 	 , so dividing both sides of equation 
rr.re / 
(45) by /0 /rJ2 z A? 5 gives 
0 
14 
R 	 Vz 	 R 	 itz 
2 	 4. 	 2 
k- + _Ifd-r i(AR) t 1.1 CA . k 3 ch- 
° R 	 4 	 —I? 0 
Expressing the elemental radius as a fraction of the rotor radius, i.e., 
rA, the integrals of equation (46) become 
CQ :-. -Lf 
4 
olK?) 4. I] CD a.) da) 4. ...a..11. [AEI, 1.1c,,,r_t: )3da-) P 	r 	tf? 	triV 	 k 1,- 	 WI kR 
o 
+ -1 - fierplii_.?) + I ce,.[IAA) 2 + -4 dr C./#.101E) + I] 	--t") el ft) 	( 4' 7 ) Z 	t, k J o tzr1 	g 	lk / 	 ( RI iRI 
i 	2 f/z 
	I/ 2. 4 
These integrals are easily integrated by graphical integration in 
calculating the rotor torque coefficients. 









In order to make the thrust and torque coefficient calculations 
less laborous, a plot of equation (30) is shown on Figure (4) for the 
positive values of the lift coefficients at radius, r, and on Figure (5) 
for the negative lift coefficients. These plots afford a graphical trial 
and error solution of equation (30). 
For a particular rate of vertical ascent, 4 , , and a given value 








       
         
where 
/ r 
V z, A 
V 	rr Rs  
= rriz2 R C and 	A = 4rAP z 
Then 






A v = 	A 	 (49) 
Cr 
z 
The value of h, corresponding to the calculated value of A v is 




developed a semi-empirical curve relating the inflow 
velocity to the rate of descent for the case of a propeller in the vortex 
ring state. This relation accounted for the effects of viscosity. Accord-
ing to Glauertts curve, the viscosity correction factor becomes zero for 
relatively small rates of vertical ascent. 
For this paper the approximation is made that the values of .4, 
of Figure (6) are the reciprocal of the contraction ratio. The value 
for A of approximately tra. for hovering flight has previously been 
substantiated by experimental data. 
Knawing 9r , a o , A,and 	equation (30) can be solved for C e,, 
the lift coefficient at any radius, r. For the calculation of 6' 7- and 
Co it is assumed that the value of the slope of the lift curve, a„ 
is 2 /T/radian. For a cascade of thin two dimensional airfoils, perfect 
fluid theory predicts a slope slightly greater than 2 rf/radian6 . The 
effects of viscosity reduce this value to about 5.75/radian for the case 
of a thin two dimensional airfoil in a real fluid. As the effects of 
viscosity are corrected for in this paper by a factor, 	, it is felt 
that the use of a slope of 2 /T/radian is reasonable. 
The graph on Figure (4) is divided into four quadrants. To use 
this graph for the solution of equation (30), an arbitrary positive value 
of 64.4 is selected. The lower left quadrant is a plot of 67.b.,<9 vs. 
Ater C,,- /8 for different values of 	ep 4. At any radius, r, the 
value of O. 	4"7r is calculated and knowing 	, the value of *465,/ 
Ark 
------56;;;;;1, op. cit., p. 350, Vol. IV 
6Ibid., p. 230 
17 
can be obtained from the graph. 
The upper left quadrant is a plot of .4 cep Cjr ,ie vs. 09 for 
different values of AR/,- . From the value of 	eir49 determined 
in the lower quadrant and the known value of vertical ascent, A 	the 
value of 49 can be found. 
The upper right quadrant contains a plot of 4 vs. 67.1e/2 6 , for 
different values of e t. . Using the value found for 0 and an assumed 
value of 	the value of air // a4 is determined. 
The lower right quadrant is a plot of c.f e 720  vs. Glir 46 with the 
slanting lines joining equal values of Car . 
The method of solution is to select positive values of Cir,/,9 and 
trace through the graph as explained until the value of 611_,/s at the end 
of the trial corresponds to the assumed value at the beginning of the 
trial. This procedure will yield the value of Cfr at any particular 
radius, r, at which the elemental lift coefficient is positive. 
At some inboard radius along the rotor blade, the lift coefficient 
may become negative. Coming inboard along the radius from the rotor blade 
tip the value of 474 becomes increasingly small and at some radius becomes 
zero. Beyond this radius the positive graph (Figure (4) ) yields no solu-
tion so the negative graph (Figure (5) ) is used with the same procedure 
as for the positive graph to yield the negative values of Ce ,, . 
Values of Cje must be determined at a sufficient number of stations 
along the rotor blade in order that the thrust and torque coefficients can 
be calculated. 
At some radius along the rotor blade near the axis of rotation, the 
radical term in equation (30) may become imaginary, thus no solution from 
18 
Figure (4) or (5) can be obtained, This indicates that there is a vortex 
ring in the flow at that point and the equations derived in this paper 
are not valid. The thrust and torque at the axis of rotation are zero so 
the approximation is made that the curves of de and cl G7,? vs. (r/h) are 
faired in from a point on the curves where equation (30) becomes imiginary 
to zero at the hub or axis of rotation. 
The values of (4r , determined at various stations between the axis 
of rotation and the rotor blade tip, are substituted into equation (50) 
which is the differential form of equation (36). 
z 	 3 
2 	 Fe/ 




d C =rotor thrust coefficient of air forces on an elemental rotor 
annulus 
A curve of d C r vs. (r/k) is plotted and upon graphical integration of 
this curve the value of the thrust coefficient, C r , is determined. 
Several different values of 6k at the blade root are assumed and 
the same procedure of calculating C r is followed through. The correct 
values of Or are the values at which the known thrust coefficient is 
equal to the integrated thrust coefficient. A cross plot is made of 
at the root and C r from which Or is determined at the known value of Cr . 
The procedure for the determination of the torque coefficient is 
similar to that of the thrust coefficient, except that in this case Or 
is known from the thrust solution. Ecuation (51) is used to calculate 
the values of d L7 9 which are plotted against (r/h). This equation is 




"2 	 1 2 
3 4 
d C Q 	pi7F92.1. 1Co (i) elf.?) 	 _4/14[01 1?) 2.t. 1c4 	d(i) 
+ _efr ILV .?) 	falg) t. 	dp. 6:41(el. j (IV cq./..-? ) (51)  
Z k 
2 1/2 / 2 
 	 4 
where 
d CQ z.- rotor torque coefficient about the axis of rotation of air 
forces on an elemental annulus 
The first term of equation (51) contains a profile drag coefficient, 
Co o 	Values of CDo for the corresponding values of Car  at a given value 
of (r/R) can be obtained from the rotor blade airfoil profile drag polor. 
The profile drag polor used in this paper was obtained from experimental 
data ? (see Figure (7) ). The profile drag coefficient is usually based 
on the value of the Reynold's Number at the 3/4 radius which is a weighted 
average value for the blade. 
Graphical integration of the curve of d C q vs. (r/R) yields the 
torque coefficient. 
7Montgomery Knight and Ralph A. Hefner, Static Thrust Analysis of 
the Lifting Airscrew (U. S. National Advisory Committee for Aeronautics, 
Technical Note No. 626, 1937), pp. 37-38 
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V Results and Discussion 
From a report by Fagan 8 experimental data was obtained for a three-
bladed rotor having a five foot diameter. The blades were untwisted and 
had a two inch constant chord with an N. A. C. A. 0015 airfoil section. 
The tests were conducted in a nine foot open jet wind tunnel. 
The thrust and torque coefficients, the rates of vertical ascent, 
and the blade angles of the experimental results are shown in Tables (I, 
II, III, IV and V). 
Calculations were made for the theoretical values of the thrust and 
torque coefficients using equations (50) and (51). The values, listed in 
Tables (VI, VII, VIII, IX and x), were plotted vs. the blade angles as 
sham' in Figures (8) and (9) and against each other as shown in Figure (10). 
On these curves the experimental values are shown as points. A table of 
sample calculations for the theoretical values of Cr and Cc? of the 
rotor model is shown in the appendix. 
For low rates of vertical ascent the theoretical thrust and torque 
coefficients are in close agreement with the experimental values. The 
plot of C r vs. C7,„ for both the theoretical and experimental values 
indicates that for a given value of C r the theory predicts too small 
a value of 6:6) 
For greater rates of vertical ascent and blade angles the theoret-
ical thrust coefficients are progressively higher while the theoretical 
torque coefficients are about the same value as the experimental for the 
whole range. 
8Fagan, op. cit. 
21 
VI Conclusions 
(1) This general theory predicts the thrust and torque on rotors having 
constant chord untwisted blades with good accuracy for hovering 
flight and small rates of vertical ascent. Further study should be 
made of agreement of this theory with experimental data for the 
cases of rotors having twisted and tapered blades. 
(2) Better correlation of the experimental and theoretical thrust and 
torque coefficients can be obtained by the selection of another 
viscosity correction factor curve. The values of ,e, should be 
increasingly greater for the larger values of A v . 
(3) An investigation should be made concerning the validity of assuming 
that the thrust and torque coefficient curves can be faired through 
the vortex ring area. 
22 
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APPENDIX 
As an example of the calculations for the theoretical thrust and 
torque coefficient values, the condition of the untwisted constant chord 
rotor in Fagants paper with a blade angle, 4 6and a rate of vertical 
ascent, A= .03 was selected. As shorn in Table II the experimental val-
ues of C r and CQ are .000636 and .00013, respectively, for the above 
condition. The procedure for the thrust and torque coefficient calcula-
tions is shown in Table XI. 
As a first approximation, it is assumed that the theoretical value 
of CT is equal to the experimental value so that a value of A v can be 
obtained. It was later found that the resulting value of e7, was greater 
than that first assumed, so another value of C r between the previous two 
values was chosen and a new value of C r calculated. In calculating the 
theoretical values for this paper it was found that although second and 
third approximate values of C r to insert in equation (49) were assumed, 
the first integrated value was very near the integrated values for the 
second or third approximation. 
From equation (49) the value of A v is calculated as 
A 	 .03 	 66'5 
re-7- l000636 
V 	 2 
and 
„44, 1 = /. / 	from Figure (6). 
An explanation of Table XI is as follows: 
Column (1): Stations of (r/l) are selected between the axis of rotation 
and the tip of the rotor blade. 




hCk= 3(Z/12) = 
	
17 	 /Tr 	 2/ri- 
Column (3): The values of Cr for each station are multiplied by the 
factor -4, = A/ • 
Column. (4): 	A is multiplied by the reciprocal values of column (1). 
Column (5): The values of Cjr /4, are obtained from Figures (4) and (5) 
which are plots of equation (30) for positive and negative values of 61,,, 
respectively. For each station a value of C.4.49 is assumed. With 
the corresponding value of -A, 06 from column (3) the value of.* Cr C-/,./8  
is determined from either Figure (4) or (5). The value of Ai?,/r in 
column (4) is used to determine the value of 01 1 . With 49 and the 
.known value of -6Y  , 	Cm. A. is obtained. The slanting lines in the 
lower right quadrant of Figures (4) and (5) connect equal values of C,/r. 
This value of 	should correspond to the assumed value. Different 
values of a4,4 for each station are assumed and the same procedure is 
followed until the final value of 	, as determined from the graph, is 
equal•to that value assumed. This is a graphical trial and error solution 
of equation (30). No solution of equation (30) is obtained from the graphB 
for stations r/ 	0.1 and 0.2 which indicates that the radical term of 
the equation is imaginary and also the presence of a vortex ring in the 
flow starting somewhere between stations r/R = 0.2 and 0.3. 
Column (6): The values of CI,- Az, in column (5) are multiplied by the 
slope of the lift curve, GZ,, which is 2 rqradian as stated on page (16) 
of this paper. 
Column (7): The drag coefficients are obtained from the plot of CD0 vs. 
25 
CJr /a shown. in Figure (7). 
Column (8): d C r is calculated. from equation (50) for each station. 
Column (9): dC9 is calculates. from equation (51) for each station. 
The values of d C r and d CQ are plotted vs. (r/R) in Figures 
(11) and (12) respectively. The curves are faired_ from, the values of ci Cr 
and d CQ at station (r/R) = 0.3 to zero at (r/R)= 0. 
Graphical integration of these curves yields the theoretical 





Experimental Thrust and Torque 
	




A = 0 
	
A = .03 
C r 	 C Q 	 C T 	 CQ 
2 0.0005125 0.000103 4 0.000636 0.000130 
4 0.00149 0.0001495 6 0.001815 0.000238 
0.002735 0.000237 8 0.003188 0.000344 
8 0.00417 0.000367 10 0.004675 0.000511 
10 0.00563 0.0005225 12 0.00604 0.000685 
12 0.00685 0,000678 
Table III 
Experimental Thrust and Torque 
Coefficient Values 
A = . 06 
Cr 	 CO  
Table IV 
Experimental Thrust and Torque 
Coefficient Values 
A= .09 
C r 	 Co 
6 0.000522 0.0001798 10 0.001355 0.00031 
8 0.001688 0.0002575 12 0,00302 0,0005425 
10 0.00315 0.000456 
12 0.00477 0.000661 
Table V 











Table VI 	 Table VII 
Theoretical Thrust and Torque 	 Theoretical Thrust 	and Torque 
Coefficient Values 	 Coefficient Values 
A = 0 	 A = . 03 
19 Cr Co 
2 0.000557 0.000102 4 0.00076 0.000125 
4 0.001544 0.000148 6 0.00194 0.000211 
6 0.00275 0.000235 8 0.00331 0.000336 
8 0.00409 0.000358 10 0.00478 0.000498 
10 0.00555 0.000527 12 0.00628 0.000684 








A = .09 
CT Co 9 Cr C o 
6 0.00067 0.000148 10 0.00200 0.000338 
8 0.00200 0.000276 12 0.00351 0.000539 
10 0,00360 0.000451 
12 0.00518 0.000652 
Table X 




12 	0.00160 	0.000357 
Table XI 
Calculation of 	C r and C 0 
,9- 
=40 
	A = .03 
Constant Chord, C,. = 2" 
1 	2 	3 	4 	5 	 6 	7 	 8 	 9 r/R 	eir 	4 er, 	A R/r 	C..Ir /a a 	 Cdr 	 C„. 	d C r 	d C 6? 
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VELOCITIES WITH RESPECT TO THE ROTOR 
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FIGURE 3 
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